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1 IIpama Ha adiHHII IJIOIMKUHI i B TPUBUMIPHOMY HPOCTOPI

Harazgaemo, mo wa adinuiil mwiomusi cucreMa KOOpAuHAT MOzKe OyTH Oy ib-sKOI0 (KOCOYTOJIBHOI0) Ta
CKaJIAPHUI T00YTOK HE BUKOPHUCTOBYETHCS.

1.1 BekrTopHe piBHIHHA IIpaAMOi B adpiHHOMY IIPOCTOPi

TBepmxkenns 1.1 Hexati ¢ mouwka O (mouka e6idaiky), npama | i mouku A, B na uiti npamid
A # B. Iloznauumo

— . — .

OA =Ty, AB =a,

|

Touka C' 3 padiycom-eexmopom 7 = OC" nescumsv na npamit | modi i miavku modi, Koau

F=ry4+d-t, a#0. (1)
l AdiB C
7?0 r:ﬁ]—l—c?t

CdopmyaroBane TBEPIKIeHHS JIOBOJIUTH He Oyaemo. BymeMo BBaykaTu, M0 BOHO BioMe i3 TIKiTh-
HOTO KypCy reoMeTpii, abo MozKe OyTH JOBe/IeHe 3 BHKOPUCTAHHIM IIKIIHHOIO 00CATY 3HAHBb 3 aKCio-
MATUKH TJIOMWHU 1 TpuBUMipHOTO mpocTtopy. llle onma mpuumua BiIMOBH BifJ JOBEIeHHS — MpH
y3arajJbHEHHSX JIHCHOI IIJIONMUHA, KOJIM MKLIbHA aKClIOMaTUKa JIHCHOI IIJIOIWHU Bi/ICYTH, PIBHSAHHS
CTa€ O3HAYEHHSAM IIPSMOI, i, TAKUM YUHOM, HE BUMAra€ JOBEICHHSI.

Busnavenus 1.1 Pisnanns (1) nazusaemves 6eKMopHuM Di6HAHKAM NPAMOT, & 6EKMOP A 6 HHOMY
HA3UBAEMBCA HANPAMHUM BEKIMOPOM NPAMOI.

3 BUKOPHUCTAHHS O3HAaUEHHSA BEKTOPHOI'O PIBHSHHS MPAMOI TBepzKeHHd 1.1 Moxke OyTu mnepedop-
MYJIbOBaHE HACTYITHUM YHHOM

Teepmxkenns 1.2 Koowcna npama mooce bymu 3adana eekmoprum pisharmuam (1), i koocne eex-

mophe pishanns (1) 3adae npamy.

1.2 IlapamerpuyHe piBHSAHHS ITPAMOI

TBepmxkenns 1.3 Koowcna npama wa naowuni mostce 6ymu 3adana pi8HAHHAM 6U2AAY

r= xp+a;-t,
2
{y: Yo+ ag - 1. 2)

i KootcHe DisHANHA 6uzaAdy (2) 3adae npamy.
Kootcna npama y npocmopi mooce 6ymu 3a0ana pi6HAHNHAM 6U2AA0Y

T = x9+a-t,
Y= Yo+a-t, (3)
z2= 2zy+ag-t

i KooCHe PisHANHA 6u2aady (3) 3adae npamy 6 MmPusuMipHOMY OLicHoMmy aPinnomy npocmopi.



TBep/zKeHHsI MPABIJIbHE TOMY, IO PiBHSIHHS (2) € PIBHOCUIBHUM MEepEe3aInucoM BEKTOPHOTO PiB-
uauns (1) y Bunajxy, ko € adbinHa cucreMa KOOPIUHAT HA TUIONIUHL — B TAKOMY BUIIAJIKY PiBHAHHSI
(1) nepenucyerbcst y BULJIsI

(5)=()+ () tmaz0 0

Tenep piBusinust (2) € mokoopauHaTHUM 3amucoM piBaocti (4). Tak camo 0BrpyHTOBYETHCS TPUBH-
MIpHUH BUTIQIOK.

Busnauenns 1.2 Pisnanns (2) Ha3usaemves napamempuaHum PieHAHHAM NPAMOL KA NAOULUHIT, @
(8) Hasusaemves NAPAMEMPUUHUM PIBHAHHAM NPAMOT Y MPUSUMIPHOMY NPOCOPI.

Po3rigHeMo mpsiMy, 0 TpoXoauTh depe3 Touky A(2,5) i mae manpsamuuit Bektop @ = {—1, 3}.
Toui 7o = {2,5} 1 BeKTOPHUM PIBHAHHAM IIET NPAMOI Oy1e

(5)-(2)+(3)

Te 2k came piBHSIHHS MOZKHA, IIOJIATU B IIOKOOPANHATHOMY 3aIUCi, TOOTO y BUIJISJI] TAPAMETPUTHOTO

piBHSIHHSI.
r= 2-—t,
y= 5H+ 3t

ko npsima mpoxoauTh Yepe3 Touky A(2,5,0) i mae manpsmuuii Bekrop @ = {—1,0,3}. Toxi
70 = {2,5,0} i BeKTOpHUM DiBHSAHHSM Ti€T TpsMOT Gyie

T 2 —1
y | =15 |+ 0 - t.
z 0 3

Te 2k came piBHSIHHS MOZKHA, IIOJIATU B IIOKOOPAMHATHOMY 3alUCi, TOOTO y BUIJISJII TAaPAMETPUIHOTO
PiBHSIHHSI.

fxmo mpgama 3a/1aHa TapaMeTpUIHIM PIBHAHHIM

r= -1,
y= 3,
z= 0,

TO TIEPEMUCYEMO HOTO 13 IBHOIO BKA3iBKOIO BCIX CKJIAT0BUX

r= 0—-1-1,
y= 3+0-1,
z= 040-t.

1 TOJIl IepenucyeEMO y BUIJIS/Il BEKTOPHOT'O PIBHSHHS:



1.3 Kanowniuyte piBusiHHg npsamMoi (“depe3 TOUKY MapaJiesibHO BEKTOPY)

Buaxo/s4u t 3 ycix piBHsAHb napaMeTpuaHoro piBustHHs (2) uu (3) i npUpPIBHIOIOYH IX, MU OJIEPIKYEMO
PIBHSAHHS Ti€l K MPAMO1 y BUTJISIL
T—Zo Y—Yo (5)

a1 a2

JIJIS TTOTIUHA 1 Y BUTJISTI

T—To Y—Y _ 22— %20 (6)
aq a9 as

JIJIs1 TPUBUMIPHOTO TIPOCTOPY.

Busnauenns 1.3 Pisnanns (5) Ha3usaemves KaHOHIYHUM PIBHANHAM NPAMOT, U0 NPOTOOUMD Ye-
pes moury (To,Yo) 6 wanpamry eexmopa {ay, as} na naowuni, a pieuanns (6) HA3UBAIOMBCA KaHO-
HIYHUM PIBHAHHAM NPAMOT, w0 npoxodums wepes mouky (To, Yo, 20) 6 Hanpamry eexmopa {ay, as, as}
Y MPUBUMIDHOMY TLPOCMOPI.

B piBugnusx (5), (6) HeMae HIYOrO HE3BUYIHOTO, KON BEKTOPH {ay,as} Ta {ai, as,as} HEe MaIOThH
HYJILOBUX KOOPJIMHAT. ZIKINO YK HYJ/JIbOBI KOOPJMHATHU €, TO Ii PIBHAHHS CTAIOTh YMOBHUMHU — JIpi0d 3
0 y 3HaMeHHUKY KOPEKTHU, KOJIN 1 YACEeTbHUK JTOPIBHIOE HYJIIO.

Hasenemo npukaaau. Hexaii € Touka A = (2,5,0). IIpsama, mo npoxoguTh yepe3 Touky A B
HANpAMKY BekTopa @ = {2,3,1} Mae 3Buuaiine KaHOHIUHE DIBHIHHS:

r—2 y—-5 z—0
2 3 1

ko )k HanpsMHUE BeKTOp d Mae HysboBi koopauHatu @ = {0,2,3}, T0 KaHOHIYHE PIBHSAHHSI
npuiiMae BATJIAT

A gk HaupgaMHiE BEKTOD @ Ma€ JBl HyJ1b0BI Koopauuaru, Haupukaai, @ = {0, 1,0}, To piBusuns

r—2 y—5 z-0
o 1 0

32 JIOMOBJIEHICTIO PO3YMIETHCS SIK CHCTEMa

B jpanomy Bumnajky 3miHHA Yy MoOXKe mpuitMaTu Oy/b-sike 3Ha4deHHs. ToOTO 1e npsiMa, sKa MPOXOIUTH
gepe3 To4Ky (2,5,0) napasenbuo oci Oy.

1.4 PiBHauHg npsaMoi “gepe3 ABI TOYKH

Posriisinemo BuIa 10K, KOJIM MOTPIOHO HAMKMCATH PIBHSAHHS MPsMOI, IO MPOXOJUTH Yepe3 JiBi pi3Hi
sagani Touku A(zy,y1), B(x2,y2) (wa wromuui) un A(zy,y1,21), B(x2,Y2,22) (v TpuBEMipHOMY
pocTopi). B oMy BHNIAIKY MI MOXKEMO BBAZKATH, MO IPSIMa IIPOXOJIUTH Yepe3 TOUKY A y HAIPAMKY
BEKTOPA AB = {zy — x1, yo — y1} (Ha WIOMMHI) Un AB = {xg — x1, Yo — Y1, 20 — 21} (y mpocropi),
i mepenucarn piBuguns (5) un (6) y BurIAi



Tr— a1 _ Yy—uhn
Tg — 1 Yo — U1

(7)

97y BUTJISI/I
r—T1 Y- Z—x

= (8)

Tog — 1 Y2 — U 22 — 21

Busnauenns 1.4 Piguanna (7 ), (8) nasusaromoca pienannamu npamoi “wepes 06i mowru’

ITpuksan. 3anucaru piBHSHHS CTOpiH (IPAMEUX, Ha SIKAX JieXKaTh CTOPOHHU) TPUKYTHHKA i3
sepmmaavn A(2,—2,1), B(3,3,0), C(—1,7,2).
Ckopucraemocst popmysamu (8): st croponn AB

r—2 y+2 =z-1 r—2 y+2 =z-1

3—-2 3+2 0-1 15 =17
s cropoaun AC

r—2 y+2 z-1 r—2 y+2 =z-1

-1-2 742 2-1 -3 9 17
st croporun BC

r—3 y—-3 z—-0 r—3 y—3

-1-3 7-3 2-0 -4 4 2

1.5 PiBugauuga Biapiszka. Ilogis Biapiska y JaHOMY BiZHOIIIEHHI

3a o3HaYeHHIM MHOXKEHHS BEKTOpa Ha 4mcyo Touka M jmexkur Ha Biapisky AB Toai i TiibKH TOI,
KOJIH

— —

AM =t- AB, 0<t<l1.

Banucmemo 1m0 piBHICTH B KOOpAuHATHOMY BUJsil, akmo A(zq,y, z1), B(xs, y2, 22) 1 orpumaemo
pieHANHA 6idpiska AB:

x= x1+t(xe — 17),
y= vy +tly2 — 1), 0<t<l1 9)
z= z1+t(z— 21).

_— =

— —
dxmo AM =t - AB, to Bignosiguno, M B = (1 —t) - AB. Hucio

|AM | t
=——=— 0<A<x
IMB| 11—t
HA3HUBAKOTDL Gi0HOWEHHAM, 6 Axomy moyuka M disumo eidpisox AB. Binnaroum maHuHy Tpaguii,
TOBOPSTH PO MO Bi/Ipi3Ka, aje HACIPaB/Ii MOBa e Mpo HAIPAMJIEHUN BIIPI30K, B IKOMY BayK/TH-
BHM € Te, 9Ka TOYKa € IOYATKOM, a JKa KiHIIeM Biapi3Ka.

Tsepmxkenns 1.4 Touka M(z,y,z) diaums eidpisox AB, A(xy,y1,21), B(x2,Ya, 22) y idnoweni
A (0 < A < 00) modi i miavku modi, koau

_561+>\$2 _y1+)\y2 _Z1+)\22

= = 1
14X 7 4 14+ X7 ? 1+ A (10)

Hoseneunns. Posrigmnaru OyaemMo Juine TPUBUMIPHUNR BUIAI0K — HEXTYIOUH TPEThOIO KOOP/IH-

HATOIO MU OJEP>KUMO JIBOBUMIDHUI BUIIATO0K.

t
Jlnst Bubpanoro mcsia A, 0 < A < 00 HIyKaE€MO 9HCJI0 T 10 AKOro A = T—¢

AN1—t)=t, t=

0<t<l,

1 L\



A

[TigcraBasiemo t = B (9) i pobuMO HepeTBOpeHHst

14+ A
A Doy + Mz — 2 1+ Az
r=1x + (332—5131):( )1 (2 1)2 1 2’
14+ A A+1 A+1
A A+ Dy +AMya—y1) i+ e
y=n+-—W—un)= = ,
14+ A A+1 A+1
A A1)z + Az — 2 21+ Az
=z 4 (22—21):( )1 (2 1)2 1 2’
14+ A A+1 A+1
TBep/KeHHI JOBeICHE.
[
Bacrocyemo 110 QOpMYIy 0 BUNAIAKY, KOJH BIAPI3OK TIIATHCS HaBHiI — Ko Touka M €

cepeannoro Bijgpizka AB. Toxi t = 0.5, A = 11 mu ogepkyemo Bijomy (opMmysy st KOOpJAUHAT

cepeIMHU Biapi3ka:
T+ To y_y1+y2 z_21+Z2

2 7 2 7 2

1 . .
—, T00TO TOouKa M JiauTh BiJIPI30OK

A2

ByBae 3py4no rooputu 1mpo mojij Bipi3ka y BiJ[HOIIEHH]

1
—, AKIIO

As

y BiHOTIEHH]

[AM] _ M
IMB| X\’
A1

3HOBY 2K PO3PI3HIEMO IOYATOK i KiHemnb Binpizka AB. B Takomy BHIAAKy MHiACTaBIIEMO —, 3aMiCTh

A2
A 1 meperBoproemo dopmyru (10) B
_ Aawy + A Ayr Ay Az + Az
=—— - y=-——""" z=—"— " (11)

Dopmyu (11) € bopmysramu KOOPIHHAT TOUKH, IO JLIHTH 33 JaHi BIAPI30K y 33/ JaHOMY BiIHOIIEHH]
)\1 : )\2 ()\1,)\2 > O)
ITpuksan. 3uaiitn koopaunatu Touku M (xg, Yo, 2o) TepepeTury MejiaH TPUKYTHUKA 3 BEPIIIH-
mamu A(2,4,—1),B(0,1,1),C(3,4,6).
s nporo cnovarky 3uaitnemo cpeauny N(x1,y1,21) Biapiska AB:
_24—0_1 _4+1 5 o —1+1
e R A e e
Jami ckopucraemocss tuM, 1o Todka M ainunre Biapizok C'N y Bignomenni 2:1. Temep 3maiizemo
koopauuaru M (xo, Yo, 20) 3a dopmynamu (11)

1-3+2-1 5 1-442-2 ; 16420

To = 3 _57 yOZTZ, 20 = 3

0.

2.

1.6 3arajgpHe pPiBHIHHA NPAMO] HA ILJIOIIUHI

Maemo napamMerpuyne piBHSHHS TPSIMOI:
r= X9+ ay- t,
Yy= Yotaz-t

OCKUTbKH HAIpIMHHUI BEKTOP HpsIMOl HEHY/JILOBHUi, TO i3 OJHOIO 3 piBHAHb B 3a/laHHI MPAMOI Ha
IUIOIIMHI Y MAapaMeTPUIHOMY BUIJISAI MOXKHA 3Haiitu ¢ (Bupasutu t vepe3 x abo y) i mijcraBuru B
apyre. OepKUMO pIBHSIHHS BHUTJIALY

ax + by +c =0, a® +b* # 0. (12)



Busnauenns 1.5 Piguanna (12) nasueaemcvs 3a2a/0HUM DISHANHAM NPAMOL Ha NAOULUNT.

Mu mMoxkeMo ImepeiiT 10 3araJbHOI'0 PiBHAHHS IIPAMOI Ha, ILIOIIUHI Bl KAHOHIYHOTO PiBHSIHHSI:

T—To Y—Yo
ai az .

Poskpuemo 1110 1npornopiiito y BurJisi/i

Cbz(x —Tg) — al(y - yo) =0.

Ta MO3HAYUMO @ = a2, b = —ay. Toxi piBHsHHS TPSMOT HA TJIONIWHI 3AIUINIETHCA Yy BULJISI
a(z — o) + b(y — yo) = 0

abo
ar + by +c =0,

ne ¢ = —(axg + byo).
Bekrop 3 koopaunaramu {a,b}, skuii 3B's3aHUil 3 HAIPSIMHUM BeKTOpOM mpsamol @ = {aq,as}
HACTYIHHM YHHOM @ = (9,h = —a; HA3UBAECTHCS 6€KMOPOM aPinmoti HOPMAAL.

ITpuknagm.
1. Hexait npsima [ 3a/1aHa napaMeTPUYHUM DiBHSIHHHSIM

r=5-Tt y=2+3t

Tomi

r—2>5
- Y + (

x—5\ 14-3z+15
T ) 7 ’
3r+T7y—1=0

€ 3araJIJbHUM PIBHAHHAM ITI€l IPsIMOI.
2. Hexait mpsava [ 3a7ana 3arajJibHAM PiBHSIHHSIM

—r+3y+9=0.

Tomi ogHy 3MiHHY IO3HAYAEMO 4epe3 ¢, a APYry 3HAXOoAuMO 9K (PyHKIO Bix t. B Hamomy Bumajaky
MO3HATAEMO
y=t, x=3t+09,

1 3ammcyeMo mapaMeTpuvdHe paiHTHHS €T TpsaMol

r =9+ 3t,
y=1.

Binx octaHHBOrO ImapaMeTpuYHOIO PiBHAHHS IIepeiieMo /10 BeKTOPHOI'O

(3)=(3) ()



1.7 PiBHaHHSA IpIMOI y BiJpi3Kax

(0,b)

(a.0)

Hexait npsima [ Bimrunae wa oci Ox Bijpi3ok a, a Ha oci Oy Biapizok b, mpudaomy a,b MOKYyTH
OyTu Big'eMHUME, TOOTO TOYKHU mepeTuHy npsamoi [ 3 ocsamu koopausar (a,0) i (0,b), Toxi piBHsHHS

Tilo (13)

HA3MWBAETHCA PIBHIHHAM MPSAMOI Y BiIpi3Kax.

1.8 B3aemHe po3TaliryBaHHs JIBOX NPAMUX HA adIiHHIN MJIOIIWHI

[IpsiMa Ha MJIONMHI 3aBXK/IM MOXKe OyTH 3aJaHa CBOIM 3arajbHAM DIBHSHHSAM (Tak caMo fK i KaHO-
HiYHEM a00 mapamMeTpudHuM). Y 3B’d3KYy 3 UM, 3aJa4y PO B3a€MHE PO3TANIYBAHHS BOX TPAMIX
Ha IJIOIIMHI MOYXKHA BHUPIILYBATU 3 BUKOPUCTAHHAM HANOLIbII 3py4HUX PiBHSAHb. [[jis jganol 3aja4i
BUKOPHUCTOBYEMO CaMe 3araJibHi PIBHIHHSI.

TsBepmxkeuusa 1.5 Hexati Iy, ly d6i npami na niowumi 3a0ami pi6HAHHAMU:

lliAll’—i-Bly—l-Cl:O,
12:A2x+32y+02:0.

Ipami Iy ma ly

. A B
a) mawmov 00HY CNIALHY MOYKY, AKUO — F —;
Al Bl
o . A B C
6) ne marmv 2#codHol CNiAbHOT MOuKY, MOOMO NAPANEALHI, AKUO — = —— F ——
A, B C
) onionad A B C
6 cniena ammb, ARWUO ——— — — — —.
WA T B T O

HoBenenns. [Ipsvi napaieabHi abo 30iraoThCsa TOII 1 TLIBKH TO/I1, KOJIA KOOPANHATH HAIPIMHIX
BEKTOPIB nponopuiiini. fIkmo N, = {A1, B} i N, = {As, By} Bextopu adinnnx HOpMaseil gannx
IPSMUX, TO 1X HANPABJISIOYl BEKTOPH JIETKO 3HAXOAATHCs: a1 = { By, —A1}, dy = {Ba, —As}. Koui-
HEAPHICTH HANPSIMHUX BEKTOPIB, TAKUM YHHOM, €KBiBaJIEHTHA KOJIiHEAPHOCTI adiHHUX HOpMaJIeit:

A1 - Bl
A2 B BQ’
TOOTO A1 = /,LAQ, Bl = /,LBQ

CrisibHA TOYKA JIBOX JIAHUX MPSIMUX MOYKe OyTH 3Hali/leHa siK PIillleHHs] CHCTeMHI

A+ By +Cp =0,
Ayx + Byy + Cy = 0.

ko adinui HOpMAaT KOJTiHeapHi, TO

{ pAsz + pBoy + Cy = 0,
Aor -+ Boy - C5 = 0.



[ToMHOKUMO APYTHil PIOK Ha (—/t) 1 1ogaMo 10 mepuioro psaaka, orpumaemo: C — uCy = 0. Orike,

A B G oo A B, G .
AKIO — = — = —— = (1, TO UpsaMi cHiBHAJAI0Tb. A gKIO — = — # ——, TO upsMi He MAIOTb
Ay By Gy Ay By ' Gy
CHLIBHEX TOYOK (mapasiesibHi 1 He CHiBIALAIOTH).
o : : AL By : . :
fxmro adinni Hopmasi He KoTiHeapHi 7 B TOOTO HPsAMi He mapasesbHi, TO CHCTeMa PiBHSIHb
2 2

Aox + Boy = —(Cy
Ma€ eJIMHUI PO3B’A30K, 3HANTH KMl MOKHA 3a MeTooM Kpamepa.
—C1Bs + B0y
A1By — BiAy
= A1C + Cr A

YT TAB, - BiA,
||

{ Az + By = —C4,

Bupasa 1.1 Hezati npami i ma ly 3adani napamempusnumu pieHAHHAMU
L:F=m+at, ly:p=r+bt
Josecmu, w0
a) 1y N ly = {eduna moura} modi i miavku modi, ko @} b
6) Iy || ly modi i minvku modi, xoau @ || bl (7, — 7);
6) Iy = ly modi i minvku modi, xoau @ || b || (FL — 7).

Bupasa 1.2 Hexati npama ly 3adana éexkmoprum (abo napamempuyunum) pieHAHHAM, a4 Npama ly —
3A2ANOHUM DIBHAHHAM:
ly:r"=ry+at, ly:Ar+ By+C =0,

de 7o = {xo, Yo} u d={ay,ax}. Josecmu, wo

a) Iy Ny = {eduna mouxa} modi i misvku modi, xoau Aay + Bag # 0;
6) Uy || la modi i minvku modi, xoau Aay + Bas =0 i Axg+ Byo+ C # 0;

6) Iy = ly modi i miavku modi, xKoau Aay + Bay =0 i Axy+ By, + C = 0.

1.9 DB’a3ka npamumx

Busnauenns 1.6 Mnootcuny 6cix mpamMur, wo npoxrodasmsv uepe3 3adany mMOuKYy, HA3UBAHOMDL
6’A3K010 NPAMUL.

(Io,y

Koxkna npsima, 1110 Ma€ piBHSIHHS BUTJISLY
a(x —xp) + b(y — yo) = 0. (14)

IPOXOJIUTE Yepe3 TOUKY 3 KOOpAuHATaMu (T, Yo). HaBmaku, skmo npsiMa | Mae 3arajibHe DIBHAHHS
ax + by + ¢ = 0 1 upoxoaurs uepes Touky (o, Yyo), T0 axg + byo + ¢ =0, ¢ = —axg — byg. Tomy
piBHsIHHS i€l npsimol [ MoKHa 3anmcaru y Burasa (14).

Ckaszane JOBOJWTH HACTYIIHE TBEPIKCHHS.

TBepmxkenus 1.6 Pisuanna (14) ¢ pisnannam 6 a3ku npamu.



2 IIpsama Ha eBKJIiOBIiil MJIOMINHI i3 IIPAMOKYTHOIO JTEKAPTOBOIO
CHCTEMOIO KOOPJIMHAT.

Hwuzkde po3rasgmacMo BUIAQI0K, KO HA €BKJIIOBiH IJIOTUHI 3a/jaHa MPAMOKYTHA TeKapTOBA CHCTEMA
KOOPJMHAT 1, TAKUM YHHOM, MH MOXKEMO IMYKATU CKAJSIPHUNA JOOYTOK BEKTOPIB, IMIYKATH JOBXKUHY
BEKTOpa Y’ BiJIpi3Ka, MIyKaTH KYT MiXK BEKTOPaMH.

Bekrop, 1110 neprenanKy/asapHuil npsiMiil, HA3UBAIOTH GEKMOPOM HOPMAAL TIET IPSMOT.

2.1 BekTopHe piBHAHHsI, BEKTOP HOpPMaAJIi.
TBepmxkeuns 2.1 Hexatl 1 nenyavosuti sexmop i d — wucao. Todi pienanms
(i, 7) = d. (15)

3a0ae NPAMY, W0 NEPNEHUKYAAPHA BEKMODPY Ti, T 6Ydb-AKAG NPAMA, OAL AKOL TL € GEKMOPOM HOPMANT,
Mootce bymu 3a0ana MaKuM PIBHAHHAM (3 610nosionum d).

l Ad B

—

Hosenenns. TBepKeHHA BAILIABAE 3 TOTO, IO /I IPAMOI 3 BEKTOPHUM PIBHIHHSIM ©* = 7o + at
i HEHYJIBOBOI'O BEKTOPA T YHCJIO

(i, 7y = (0,7 +ta) = (1, 79) + t - (1, a)

€ cTamuM TOJI 1 TibKU Toi, Koy (71, @) JOPIBHIOE HYJTI0, TOOTO 71Ld.

m
Mu maemo piBHSTHHS

<nvf> = <n7T0> (16)

OpAMOI, IO IPOXOANTH Yepe3 TOUKY 3 PaiyCOM-BEKTOPOM T MEepIEeHUKYJIAPHO BEKTOpY 7i. SIKIIO

BEKTOp 7i Ma€ Koopauuatu {a,b}, To nosuauusumm (7i,7) = —c nepersopumo piBusiuuga (16) B

3araJjibHe piBHsgHHA ar + by + ¢ = 0. Takum auHOM MU /10BE/IM HACTYIIHE

Teepmxeunsa 2.2 frxwo cucmema KoopouHam npamMokymma dexkapmosa, mo koediuichmu a,b 6
3a2a00HOMY PieHAHHE ax + by + ¢ = 0 npamoi € Koopdunamamu 6eKMOPa HOPMAAL ULEL NPAMOTL.
Pisnannam npamoi, wo npoxodums uepes mouky (To,Yo) nepnendurysapro eexmopy {a,b} e

a(z —xo) +b(y —yo) = 0.

ITpuknagm.

1. Hamucaru piBustang Bucotu tpukytauka AABC A(1,2), B(5,—1),C(—2,—4), mo npoxoauThb
Jepe3 BepminHy A.

O6YnCTI0EMO BEKTOD B?’ = {-7,—3}, akuil € BeKTOPOM HOpMAJI JO i€l CTOPOHH, 1 MHUIIEMO
noTpiOHEe PIBHAHHS

—7(x—1)—3(y—2) =0, abo Tz + 3y — 13 =0.
2. Hanucaru piBHAHHS OPSIMOI, IO TPOXOAUTE Yepe3 Touky (1,2) i neprengaukyaspua mnpsmiii [:

r—T7 y+2
1 4




Hanpsmuuii Bektop npsamoi [ mae koopaunatu {1, —4} i Bin moBuHen 6yTH BEKTOPOM HOPMAJI JI0
noTpiOHOT mpgaMoi. OT:Ke MHUIIeMO BiIIOBIiIb

l-(z—1)—4(y—2)=0, abo = —4y+7=0.

JIBi mpsaMi Ha TIOMIWHI TEPIEeHINKYASIPHI OTHA OJHINA, KON 1X BEKTOPU HOpPMaJeil OpTOrOHATbHI,
10610 1psimi a1 + b1y +c1 = 0 1 asx + boy + co = 0 mepeTuHAIOTHCS TiJ] IPIMUM KYTOM TO/I 1 TLIbKH
TO/Il, KON

a1ay + blbg = 0.

2.2 PiBHgGHHA 3 KyTOBUM KOeDII[iEHTOM.

[psimi, o mapaJgesbri oci Oy, maoTh piBHsgHHS T = c. Hexait npsima we napasensua oci Oy. Tomi
BOHA Ma€ 3arajbHe piBHsAHHS ar+by+c = 0 B skomy b # 0. Lle 3arajibHe PIBHAHHS MOYKHA PO3B’s13aTH
BIJTHOCHO Y 1 O/lepyKaTu PIBHAHHS BUIJISTY

y=kr+b (17)

Buzunauenns 2.1 PisHaHMHA HA3UBAEMBCA PIBHAHHAM NPAMOL, WO PO3E A3aHne 8i0HOCHO Y, abO Pi6-
HAHHAM 3 KYMOBUM KOCPHIUIEHMOM.

Ocranusa Ha3sa mop’g3ana 3 TuM, o ducaa ki b B (17) mators reomerpuanuii 3mict. Yucao b e
OP/IMHATOI0 TOYKHU IepeTuHy npsamoi i3 Biccio Oy, a k € TanreHcoMm KyTa «, YTBOPEHOI'O IPSAMOIO 3
nomatHuM HanpsMkoM oci Oz. Bubupaemo momarTnuii HAOpsMOK OOepTaHHS IIOTNHHU — 3BUYANHO

T

iforo obupaTh Tak, MO0 OOepTaHHS HA 5 nepesoano Bick Ox y Bick Oy. Tenmep moxkHA cKa3aTw,

Mo Kk € TAaHTeHCOM KyTa, Ha saKuil moTpioHO 00epTaT Bich Ox B I0IATHOMY HAINPSAMKY /10 CYMIIIEHHST
i3 mpamoro. O6epraodn y Bi/l'€MHOMY HAPSIMKY MU OJEPXKYEMO BiJl'€MHUN KYT.
O6rpyuryemo ckazane. Hexait A(zq,y1), B(22,y2) - ABI TOYKN Ha npsiMiit

A

B

b
A~ C

y/—%—kb

iy > x1, C(x9,y1). Ockinbku Touku A(zy,y1), B(xa,y2) nexKarb Ha OpsMiii, TO

k:?h—yl

h=kx1+b, yo=kaa+b, yo—1 = k(zy— 1), .
To — X1

Ocranus piBHICTH TepekoHye, 1Mo k € tanrecom Kyra ZBAC B TpukyTHuky A ABC' i3 HameKHUM
3HAKOM.
PiBHsiHHS NPSIMOI, 110 TPOXOJAUTHL Yepe3 TOUKY (T, Yo) 3 KyToBUM Koediriearom k:

y = k(x —x0) + 0.

2.3 B3aemHe po3TalinyBaHHsS JBOX IIPAMUX HA €BKJILIOBiN momuHi. KyT
MI>K IIPSIMIMU.

Ha eBKJIi10Biii ILIOMIHI B3a€MHE PO3TAIILYBAHHSI JBOX MPAMUX (IPsIMi IEPETHHAIOTHCA B € UHI{i TOUIT,
napaJie/ibi, abo CHUIBIAJAIOTH) BUSHAYAETHC TUMU K YMOBaMu, K 1 Ha adinnuii wionuui. Aje Ha



eBKJII/IOBIil TJIOMMUHI MU TITe Ma€MO 3MOTY BUPaXyBaTH MiJl SKUM KYTOM HepeTUHAIThCA mpami. Kyt
© MiXK MPIMHUME — Tie TOCTPHil KyT MiK HANPIMHUMHE BeKTOpaMu, abo MizK HOPMAaJISIMU.

cos @ = | cos(dy " da)| = | cos(iy " iz)|.
TobTo o o
cos @ = |£a1, ai>| _ |<_)n1, n3>|
@] - [d@a] |7 - (7

Ko K Jij1d OJHIET TPSMOT BIJIOMUI HAIIPSIMHUN BEKTOP, a JIJIs JIPYTOl — BEKTOP HOpMaJii, TO

sin p = |cos(d@, " 1iy)| = w.

|| - [772]
IMpuknagm. 1. 3Haiitu KyT MixK npamuvu 3x + oy + 1 =0, dx +y —2 = 0.
Bekropu nHopmasteii nux npamux: 1 = {3,5}, 7y = {4,1}. Orxe,

|(riy, 7)) |3-4+5-1 17 1

] il VO+25VI6+1  VBAVIT V2
[Ipsimi mepeTuHAIOTHCS 1M1 KyTOM 45 IrpajiyciB.

2. 3uaiitu KyT MixK npavmuvu 3 + 5y +1 =0, b — 3y —2 =0.

[1i npsgimi mepreHnKyIgpHi oaHa ojuiii, Tomy 1o (7, 7is) = 3+ (5) +5-(=3) = 0.

cos =

Hexait na eBKIiOBIil mIOMMUHI 3a7aHa TPAMOKYTHA JeKapTOBa CHCTeMa KOOPJIWHAT i 3a/1aHi JBI
HpsiMi PIBHSAHHAMM 3 KyTOBUMU KoedilieHTamu

lli y:k1x+b1, lQZ y:k2I+b2.

Hexaii npsva [; neperunae Bicb Ox B Touni A nig kyrom 1, ki = tg (1, upsama ly neperunae Bich
Oz B Touni B mig kytoMm o, ko = tg s.

A

[psimi [ Ta [y meperunatorhest B Touti C' mijg kytom . [lepesipre, mo ¢ = py — 1. Toxai

tgpr —tgpr ke — ki
1 —f—tg(pltg@g N 1+ k?lkfg
BaxkiuBo, 10 B TaHOMY BHIAJKY KYT ¢ PaXyeTbcsd BiT mpamoi [; 10 mpsaMoi s TPOTH TOMWH-
HHUKOBOI CTPLIKH.
ITpuknazn. Bigomi koopaunaru Bepumn A(2,1), C(6,3) npu ocnosi piBHOGEAPEHOTO TPUKY THUKA
Ta TAHTEHC KyTa P OCHOBI tg o = 2. 3HaliTu PiBHSIHHS CTOPIH TPUKYTHUKA, TA TPETIO HOT0 BEPIIUHY,
SKIIO BiJOMO, 1O BOHA 3HAXOAUTHC y BEPXHIH MIBIJIOMINHI BITHOCHO TPSAMOI, KA MICTUTH OCHOBY.

tg o = tg(ps — 1) = (18)



Poss’a3yBauns. Hexaii cropona AC' nmexxuth Ha npsawmiii [, cropona AB na ly, BC' Ha l3. Cko-
pucTaemMoch hbOPMYJIO st TpsMOi uepe3 1Bl Touku (7):

r—2 y—1 r—2 y—1
6—-2 3-—1’ 2 1
1

1
Or:xke, cropona AC' jiexxuTh Ha Y = 5% KyToBuit KoedimienT npsamoi li: k; = R Hexait kyTosi

koedinienTu npsimux lo Ta l3 BianosigHo ko ta k3. Ockijbku TpukyTHUK piBHOOEApenuii, 10 LBAC =
/BCA = a. Ockinbkn ToUKa B 3HaXOAUTHLCA Y BepXHiH MIBIJIOMMHI BigHOCHO [1, TO 06epT npomu
200UHHUK0B0I cMpiaky HA KYT ( 3TIICHIOETBCS Bif npsmol [y 10 o i Big npsmoi I3 10 [;.

™

Tobro dhopmysu (18) BUKOHYIOTHCS y BUTJISIL:

ko — kq ky — ks

tga = — L =1
8 T Tk YT 15 kyks

BHaiiiemMo KyToBHit KoedinmieHT ko:

ko — 3 1
=2 2 o 2 ky=hy—
1+ 1k, 2T

OcranHg piBHICTH He Ma€ PO3B’s3KiB, ajie Taka mpsaMa icHye. fK me moxkHa noscautu?! Ky, skuii
: y it YT,
yrBOpIoe Iy 3 Biccto Oz, popiBuioe T/2, ko = 00. OTKe, piBHSIHHS NPAMOI & = const, a OCKLIbKH BOHA
npoxoauTh uepe3 Touky A(2,1), To maemo piBHstHHS [o: T = 2.
SHaiijiemMo KyToBuii KoedinieHT ks:

1

1k 1 3
2=2 " = 2+4+ky=-—ky, = 2%ky=-=

1+ 1k TRy T T2

Orxke, pama [3 Mae KyToBuii KoedimieHr ks = —% Ta npoxoauTh Yepe3 Touky C'(6,3), i1 piBHAHHI:
3
y:—Z(x—6)+3, = 3x + 4y — 30 = 0.

Buaiiemo koopauHaTu TOUKN B, K neperun nupsamux ly taly: =2, y = —%(—4) +3 = 6. Orxe,

B(2,6).
1

Bigmosiap: piBugannsa cTopin: y = % (AC), © =2 (AB), 3z + 4y — 30 = 0 (BC), koopuHaTn

toukn B(2,6).

2.4 HopwmaJjbHe piBHAHH#A. BiaxmienHs Todkwu Bijg npsimoi. Bigcranp Bifg
TOYKH 0 IIPSAMOL

Hexaii € npsima [, ojuHUYHUNE BEKTOp HOpMaJii 71, TouKa A Ha UpsMiil 3 pajiiycOM-BEKTOPOM Ty, i
JIOBLIbHA TOUKa M 3 pajiycoM-BeKTOpOM 7. PO3KIIageM0 BEKTOP Ty — 7o B CYyMY Ty — To = 7 + Ta
TaK, mob BeKTOp 7| OYB mapa/eabHHii mpsMiii [, a BeKTOp 7o OYB NepIeHIuKYJIAPHUNA il mpaMiii
(oTKe, mapajeIbHIil BEKTOPY HOpMAaJI 71).



St

] !

l
O

Tomi
(M, T — To) = (A, 71 + T2) = (T, 75),
a uuco (11, Ta) qopiBHiOE Bigcrani Big M no |, axmuio M jiexKuThb B O/iHii HiBILIONIKHI, 110 BU3HAYAETHCH
npsMoio [, abo JOpIBHIOE Bi/ICTaHi i3 3HAKOM MIiHYC, AKIIO TOYKA JIEKUTH B iHIIIN MiBILJIOIIHHI.

Buzuauenns 2.2 Hexat sadana npama. Pynkuis, axa cmasumbs Y 6i0noGI0HICMY KOMCHIT MOy
odniel nienaouuny eidemand 610 Uiei Mmouky 00 NPAMOL, a KOAHCHIT MOoYUL IPY20i NIBNAOULUHU
CMasumd Yy 610n0610HICMb 6LJCMaAHD 13 3HAKOM MIHYC, HA3UBAEMBCA GLOTUNCHHAM TOYKY 610 NPAMOT.

Kyt ¢ Mixx BeKTOpaMu 7 Ta Ts MOzKe mpuitmMaru jaBa 3HadeHHs 0 1 7. fkmo ¢ = 0, To Touka M i
KiHeIb BEKTOpa HOpPMaJi 71, BiJIKJIaJIeHOro Bij HpaMOl [ JiexKaTh B OJHIN IMIBILIONUHI 1 BiIXUIeHHS
(M) > 0, a gkmo ¢ = 7w, T0 B pizuux nismrommuax i 6(M) < 0.

Y niJIcyMKy MM Ma€MO HACTYIIHE TBED/IZKEHHS.

Teepmxkenns 2.3 Hexat (7, 7—io) = 0, de il — odununnuli 6ekmop, pisHarHA NPAMOT uepesd mowky
To nepnenukyaapuo eekmopy 1 (dues. (16)). Todi pynkyis 6(M), sxa cmasums y 6idnosionicmo
KootcHit mowui M naowgunu 3 padiycom-eexmopom Ty wucao (i, Ty — 7o) € sidzuaenmam mowky M
610 3a0aroi npamoi.

11106 ob6wucrumu sidcmans 610 Mmouky 0o NPAMOL, NOMPIOHO 63AMU MOJYAL GLOTUNEHHA ULET MOUKU
610 NPAMOi.

d(M,1) = (7,72 — 70)|

Hexait 77 = {a,b},a® + b* = 1 Toxmi (ii,7 — 7o) = ax + by + c.
Buzunauenns 2.3 Pisnarna
ax + by +c=0, a’+ b =1. (19)
HA3UBGEMDBCA HOPMANOHUM DISHAHHAM NPAMOT.

Tenep ojepkane Buille TBEP/ZKEHHsS MOZKHA C(POPMyJIIOBATH TaK:

Teepmxeunsa 2.4 frxwo ar+by+c =0 — HopmasrvHe pishanta NPamoi, mo oaa 6Yydo-aKoi mouky
M (zar, yar) naowunu 6(M) = axy + by + ¢ 6yde sidxusenmam uiei mouky 6id npamoi.

ko npsama [ 3agaHa HEHOPMOBAHUM 3araJbHuM piBHIHHAM Ax + By + C' = 0, Toai BiAXu/JIeHHS

touku M Bijg mpsmoi [:
. AIKM + ByM +C

VA2 + B2

5(M)



Jlna Bigcrani Bij Touku M 0 npsamoi [ orpumyeMo (hopmyry
. ‘A$M +ByM +C‘
VAZ+ B2

ITpukaan. 3uaiitu rouky Mi(x1,y;), ska cumerpuuna rouni M (2,5) Biagnocuo nupsamoi r — 2y —
2=0.
Posp’azyBaunug. [lepminii cioci6. 3naiigemo Biaxuaenas Touku M Big npsiMoi.

— -2V

d(M, 1) = [5(M))|

1.2-2-5—-2  —10
o(M) = =
(M) V1+4 V5

Ockinbku BigxusieHHs Bijgemue, 10 Touka M i kinenp BekTopa HOpMasi 71 = {1, —2} 3HAXOAATHCsI
e

B pi3HUX MiBIJIOMMHAX BigHOCHO npsiMol. OTike, Bekropu M M; Ta 7i KoJiHeapHi i MAlOTh OJHAKOBI
———
uanpsamku. /{osxkuna sekropa M M, noisutoe 2d(M ), ne d(M) = |§(M)| — Bigcranb Big M 10 npsmoi.

yk
M

Sy

M,

Orxe,
d(M) 2v5 .
(4 )i = 2£n = 477 = {4, -8}
7] V5
— —
TakuM YHHOM, MH 3HAEMO TOYaTOK BeKTOpa M M; touky M(2,5) Ta iioro koopauuaru MM, =
{4, —8}, 3naiigemo kinueny touky sekropa: M;(2+ 4,5 —8) = (6, —3).
Hpyruii crioci6. Yepez touky M mupoBejgeMo mpsiMy, siKa MEPHEHIUKY/IsIDHA 3aIaHiil mpsiMiii,
TOOTO Ma€ HAIPSIMOK BEKTOpa HOpMaJii Haroi npsmoi {1, —2}:

r= 2+41t,
y= 5H—2t

—
MM1:2

Tenep 3naiigemo Touky My(xg,yo) nepeTuHy IpsgMoi Ta IEPIEePAUKYJIIpa, g OO IiJICTABAMO
nmapaMeTpUIHe PIBHAHHS MepHeHIuKYyIdpa B 3arajJbHe PIBHAHHA MPAMOI:

241t—2(5-20)—2=0, = 2+t—104+4t—2=0, = 5t=10, = t=2.

OTzKe, mepeTuH BiIOYBAECThCS IIPHU 3HAYEHH] mapameTpy t = 2, 10610 g =2+2 =4, yg=5—-2-2=
1 (Mu migcraBuwim ¢ = 2 y mapaMerpuyHe PIBHAHHS nepreHaukyaspa). Touka My — 1e cepeauna
Bigpizka M M. Toxai 3rijno dhopmy/iam Jijisi KOOP/MHAT Cepe/iMHu Bi/Ipi3Ka:

24 x
2 - 4’ {xl = 65
=
bty _ no= =3
5 = 1

Bignosiab: koopaunaru cumerpudnoi rouku M (6, —3).



