BicHuk XapKiBCHKOTO HAI[iOHATBHOTO YHIBEPCHTETY
Cepis «MatemaTnuHe MoentoBaHHs. [HpopmaniiiHi TeXHONIOTii. ABTOMaTH30BaHI CUCTEMHU
YIIPaBIIHHSD)

YK 517+681 Ne, 2005, c.

MoaenupoBaHue COCTaBHBIX MOBEPXHOCTEN
B CUCTEMAaX CUMBOJIbHON MaTe€MaTUKU

I1. T. Jons
Xapvrosckuii Hayuonanvrvlid ynusepcumem um. B.H. Kapasuna, Yxpauna
The method of compiling of uniform analytic formulas for the equations of the
continuous surfaces composed of various sections with the given equations is

proposed. The general equation of a piecewise-ruled surface stretched on a frame
consisting of a set of not intersected space curves constructs.

1. BBenenue

[Ipu pacyere M NPOEKTUPOBAHUH KOHCTPYKLIMM, COCTABJICHHBIX U3 DJIEMEHTOB
CIIOKHOM TreoMeTpuyeckor (hOpMbI, BO3HUKACT 3ajiaya CTPOrOro MaTeMaTHYECKOTO
OMHUCaHUs KOHTYPOB UX MoBepxHocTel. OauH u3 noaxonos, npuMeHsieMbix B CAIIP u
CHCTEMaX CHMBOJIBHOM MATCMATHKH, COCTOMT B MCIIOJIb30BAHHM MHOXECTBa
rpaduyueckux MpUMHUTHBOB. OJHAKO OH IIJIOXO MPHUCIIOCOONEH /s MUCTIONh30BaHUS B
pacderax. KOHCTPYKTHUBHBIN MaTeMaTHYEeCKUH MMOAXO]] K PEHICHUIO 3TOH 3a7a9u ObLI
npennoxken B.JI. PaueBpiM [1,2], KOTOpBI Oam MeTOA HOCTPOEHUSI HESIBHBIX
YpaBHEHUH COCTaBHBIX depTexeil. Emie oquH momxox K pemieHuro 3THX 3a1ad JaeT
teopusi crmaiiHoB  [3,4]. B paborax aBTtopa [5,6] TmpemioxkeH crmocod
MaTEeMaTHYECKOTO OIMCAHUS COCTABHBIX KPHUBBIX U MPHBENSHBI 00IINe (POPMYIBI IS
MTOCTPOEHUS ABHBIX U MapaMETPUUIECKUX YPaBHEHUH KyCOYHO-TIAIKUX HEIPEPhIBHBIX
(GYHKIIHHA 1 KpUBBIX. B HacTosmel paboTe 3TOT METO MPUMEHSETCS TSI TTIOCTPOCHHS
SIMHBIX AHAUTHYCCKUX BBIPAKCHUU I YpaBHEHHWH COCTABHBIX ITOBEPXHOCTEH.
BeiBomsaTcs Taroke oOmme (GopMynibl A HOCTPOSHHUS EIUHBIX aHAIUTHYCCKUX
YpaBHEHUI KYyCOUHO-JTMHEHUYAThIX TOBEPXHOCTEH.

B ocHOBy mpenmnmaraeMoii METOAWKH IIOJIOKEHO WCIOIH30BAHWE BBEIACHHOW B
pabote [S] byHKIMH:

P(t,a,w)=2i(w+‘t—a‘—‘t—a—w‘) (w=0) . 1)
w
Oyukuus P(t,a,w) sBiseTcs HenpepbiBHOW 1o nepeMenHoi . Ipu 1<a ¢yHxuums

paBra 0, mpu #>a+w oHa paBHa 1, a BHyTpH uHTepBaia a <t<a+w QYHKIHI

1
muueitnas —(t—a) (ecom w>0).
w

2. ITapamerpuyeckoe ypaBHeHHEe KyCOYHO-IHHEHYATOH IOBEPXHOCTH
ITycts naHO ceMEHCTBO HENEpeceKarouXCsl IPOCTPAaHCTBEHHBIX KPUBOIMHEHHBIX
otpeskoB ¢ ypaBHemmsmu 7 =7,(7), re[rh,7f] (k=0,1,..,n). B kxaxmiom wu3
k
T, -7
1 0 (u - uo). [Tomyunm HOBBIE
Uy —Ug

o k
YpaBHCHUU CACITAEM 3aME€HY NIEPEMEHHBIX 7 =T +
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k k
k%170
BHEHUSI KPHUBBIX u)=r|75 +—\u—-uy)|, B KOTOPBIX Hapam u
aBHE 7 7| T + 0 OTO apaMme
U, —u
1~ Up

M3MEHSETCSl B OJMHAKOBOM IS BCEX KPHBOJMHEHHBIX OTPE3KOB MHTEpBAle [ug,u].

CoenuHUM MPSIMOJIMHENHBIM OTPE3KOM HA4aJIbHBIE TOUKHU COCEIHUX KPUBOJIMHEHHBIX
OTPE3KOB U Oy/IeM €ro JABUTaTh TaK, YTOOBI OH BCE BPEMs COSIUHSI TOYKH, HMEIOIINE
OJIMHAKOBBIE 3HAYEHMsI mapamerpa #. Mexay KaXIod Mapodl KpPUBBIX IOIYyYUM
JUHEHYATYIO TIOBEPXHOCTh. JTH MOBEPXHOCTH CTHIKYIOTCS IPYT C APYTOM IO KPUBBIM
UCXOJHOTO CeMeHCTBa, 00pa3ys HEKOTOPYIO HENpEPHIBHYIO KYCOYHO-THHEHYATYIO
MOBepXHOCTh. COCTaBUM MMapaMeTPHUECKOE YPAaBHEHUE 3TOM MOBEPXHOCTH.

ITonokuM, YTO KpUBBIE HCXOJHOTO CEMEWCTBA SBJISIFOTCS KOOPAMHATHBIMU
JUHUAMH V=const 00pa30BaHHOW KYCOUYHO-JTMHEHYATOH MOBEpXHOCTH. HazHaunmm

Ka)K710M KpUBOIl 3HaYeHHe mapamerpa v =V, Tak, 4TOObl 3HAYEHHs V; 00pa30BbIBAIN

MOHOTOHHO-BO3PACTAIOIIYIO0 IOCIEI0BATEILHOCTh. TOrAa ypaBHEHHE KYCOYHO-
JIMHEHYATON TOBEPXHOCTH OYAET UMETh CICIYIOIIUN BUJI:

R(u,v)=7y(u)+ Zn:(fk (W) = 7 1 )P0, vy 1, v = Vi) (g Su<uy, vy <v<v,). (2)

JlokaszarenbctBo. Paccmorpum  Bektop-GyHKimo — R(u,v) Ha uHTepBaje
v,4 <v<v, npu HekoTopoM ¢ukcuposanHoM p (1< p<n). B cymme (2) Bce
bynkunun  P(v,v, ;,v, —v,4)=1 npu k<p, a upu k>p P(v,v, ;,v, —v,,)=0.
[TosTomy (2) mpuHUMaeT BUA

RGuv)=ro () + 3 (7o () = 71 @0)) + (7, (0) = 7, 1) )P, 20, — v, 1) =

- 4P—1(u) + (fp (u) - fp—l(u))P(v' Vp-1,Vp — vp—l)

YuutsBas (1) u To, 4to v, ; <v<v,, MOCIEHEE BEIPAXKCHHUE IPe0Opasyercs K BULy

~ v—v
Rluv) =7, ) + (7, () = 7,y ) ) 2
Vp TVpa
OTO 3HAYMT, YTO HA JIOOOM OTpe3Ke Vv, <V <V,, BEKTOP-QYHKUHS R(u,v)
NPEACTABIAET YpAaBHEHUE JIMHEHYATON MOBEPXHOCTHU, HATSAHYTOW MEXKAY KPUBBIMU
F,a(u) mpu v=v, 4 u F (u) npu v=v,. Eciu v<v,, t0 B hopmyne (2) Bce

yukuun P(v,v, 4,v, —V, ;) PaBHBI HYJIO, ¥ MbI monydaem, uto R(u,v) =7, (u).

Ecmm v2>v,, To B dopmyne (2) Bce ynknun P(v,v, ;,v, —V, ;) PaBHBI SOUHULE, U

n
MBI ToydaeM, 4to R(u,v) = 7y (u) + Z(fk (u)—7_4 (u)) =7, (u). T.o., Beipaxenue (2)
k=1
JacT ypaBHEHUE HEMPEPHIBHOW KYCOYHO-THMHEHYATOW MOBEPXHOCTH, MPOXOISIICH
HOCJIEOBATENBHO 4epe3 NPOCTPAaHCTBEHHbIE KpuBble 7 (u),7 (u),...,7, (u) 1mpu

V=vg,Vy,...,v,. Paktmuecku kpuBble cemeiictBa {7 (1)} sBusIoTCS pebpamu
00pa30BaHHOI TOBEPXHOCTH.
OrMmeruMm, 4r0 ¢ mnoMmompio Qopmymsl (2) CTPOSTCS ypaBHEHHs IOIHON

MOBEPXHOCTH TAaKMX TeNl Kak KyO, NMHUpaMuia, KOHYC, ypaBHEHHE IIOBEPXHOCTU
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OUIMHIPAa BMECTE C BEPXHUM WM HIDKHMM OCHOBAaHWEM W yYpaBHEHHS MOBEPXHOCTEH
MHOTMX MHOIOrpaHHMKOB. Hampumep, 1moBepxHOCTh KyOa MOXKHO NPEICTaBUTH Kak
KYCOYHO-JIMHEHYaTyI0 MOBEPXHOCTh HATIHYTYIO MeXAYy 4 KpuBbIMH. llepBoif kKpuBoi
ceMmeiicTBa OyIer To4YKka — IIEHTP BEpXHEr0 OCHOBaHHUA. Brtopoii — xkBaspar,
oOpasyromuii KOHTYp BEPXHEro OCHOBaHHUA. Tperheli — KBaapar, SBIISIONTHICS
KOHTYPOM HM)KHETO OCHOBaHUS. UETBEPTOM — TOYKa, JEKalas B LEHTPE HUKHETO
ocHoBauus. s kyba ¢ Bepumuamu B Toukax (1,1,1), (-1,1,1), (-1,-1,1), (1,-1,1),
(1,1,-1), (-1,1,-1), (-1,-1,-1), (1,-1,-1) napamerpudeckoe ypaBHEHHE MOBEPXHOCTH
HMMEET CIIEAYIOINUN BUL

1
x(u,v)zE(l—‘u‘+‘u—1‘+‘u—2‘—‘u—3‘)-(‘v‘—‘v—l‘—‘v—2‘+‘v—3‘)

1
y(u,v)za(l—‘u—1‘+‘u—2‘4—‘14—3‘—‘14—4‘)-(‘\/‘—‘\/—1‘—‘v—2‘+‘v—3‘)

z(u,v):—‘v—1‘+‘v—2

npu 0<u <4,0<v<3. DTn ypaBHEHHsI IOCTPOEHHI 1O Gopmyiie (2) ¢ mocneayromei
3ameHod ¢pynkuuit P(v,v, ;,v, —V, ;) UX BelpaxenusMu (1). IIpenBapurensHo ObLTH

COCTABJICHBI MAapaMeTPUUECKUE YpaBHEHHMsS KBAJpaToB (KOHTYPOB BEpXHEro H
HW)KHET0 OCHOBAaHWI) B COOTBETCTBUM ¢ (opMysiaMu paboThl [5].

3. YpaBHeHHe COCTABHOM MOBEPXHOCTH

Ypasuenue cocmasroil nogepxnocmu, cexyuu KOMopou 3a0aHbl YPAGHEHUAMU 6
napamempuydeckom eude. Ilycts Ha miockoctn UV 3amaHa OpTOrOHANIBHAs CETKA
lug, gyt ] %[V, vy, ] 1 B €€ suelikax A, =[u;,u,4]x[v;,v;,;] onpenenenst
BEKTOP-( YHKIIHH fij(u,v):(xlj(u,v),yij(u,v),zij(u,v)) (=0,1,2,...,n-1, j=0,1,2,...,m-
1), TIpenCTaBISIOIINE yPaBHEHUS HEKOTOPHIX IOBepXHOCTEH. ITONOKHM, 9TO st
COCTaBHOH MOBEpXHOCTH B obmacta [ug,u,]x[vy,v,] BbIIONHSIETCS ycnoBue

HenpepbIBHOCTH. T.€. s COCENHNX BEKTOP-QYHKUMHA 7; (1, V) BBIIONHAIOTCS yCIOBUS

Tij (Uq,v) = ny (4;,1,v) mpu V;SVSVy, B T (u7vj+l) = ’7ij+1(uv"j+1) nipu
u; <u<u,,. Ha npamoyronsuuke [ugy,u,]x[v,,v,] TpeOyercsa mocTpouts eauHoe
AHAJMTHYECKOC YPAaBHEHHE IMOBEPXHOCTH, COCTOSIIEH M3 CEKIHMH C YpaBHEHUSMU
7 (u,v) B obmactsx A, ;.

CocTaBUM ypaBHEHHE KaXK/I0W CEKI[MH TOBEPXHOCTH B CIICAYIOLIEM BHJIC

Ri_[(u1v) = Fij(ui Uy —u) Pyt =), v + (Vg = )PV;,V g — V_;))- (©)

IToBepXHOCTh C 3THM ypaBHeHHeM R, ;(u,v) B 001acTH mpsAMOYrONbHHKA
A =[u;u;,1]x[v;,v;,1] coBnamaer ¢ moBepxHoOCThIO, HMEIONIEH ypaBHEHUE T (4, V)
B 9ToM obnacTtu. [ledcTBUTENBHO, Ui JI000H TOUKM MPSMOYTOJBHUKA (u,v)e A;;

BBIIOJHSAIOTCS.  CICAYIOIME COOTHOMWHHUS  u; + (u;, —u, )P(u,u;,u;, —u,)=u,

v+ (v —Vv;)P(V,v;,v;;y —v;) =V U BeKTOp-QyHKIHUS Rij(u,v) COBMaaaeT ¢

7;; (u,v) . JIroOb1e 3HAYEHNS (14, V), EKAIME BHE ITON 001aCTH, 0TOOPAKAIOTCS B TOUKH
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rpaHunbel  cekuuu. Hampumep, ecnu  u >u v, <v<vy TO HMEET MECTO

i+l J+l

u; + (U

—u ) PQu,u; upy —u)=u g v, + (v —v,)Pv,v;,v,y —v;)=v. Torma
R (u,v) =7;(u,;,v), T.e. Touka moBepxuocTH R, (u,v) HAXOIMTCA HA rpaHHLE
CEKIMH TIOBEPXHOCTH T (,v). AHamormuHo mpoBEpsETCA, UTO THOObIC 3HAUCHHS
(u,v) ¢ A, ; OTOOpaKaloTcs B TPaHUYHbIE TOYKH CEKIMH. T.0., BEKTOP-ByHKIMSA
Rij (¢,v) mpexncraBisieT MapaMeTpUUECKOE YpaBHEHHE [j-CEKI[MM TOBEPXHOCTH C

KpaeM. Ee MOXHO Ha3BaTh KPUBOJIMHEHHON IPaHbI0 COCTABHOM MOBEPXHOCTH.
[TocTpoum enWHOE ypaBHEHHE TIOBEPXHOCTH, COCTABJIEHHONW W3  CEKIUH
HOBEPXHOCTEH C YpaBHEHHAMHU ROq (u,v),qu (u,v),...,Rn_lq (u,v) (g=0,1,...,m-1). qns

3TOTO CJIOKUM YPAaBHEHUS 3TUX CEKIUH CICAYIONIMM 00pa3oM

Rq(u,v):Roq(u,v)+§(Riq(u,v)—ﬁiq(ui,v)). ()

i-1
Hokaxem, wuro jns Ttouek  (u,v)elu,,u, ]x[v,,v,1] wumeer mecro

paBeHCTBO R ., v) =7, (u,v). lna aroro mpeoGpasyem (4) cneayrommm o6pazom

R, (u,v) = Ro, (u,v)+ f(}‘éiq (@, v) R, ;)4 (R, ) =R, () +

n-1
+ Z (Eiq (u,v) —Riq (u, ,v))

i=p+1
HpH l<p Riq (M,V) = }7iq (ui+l'vq + (vq+1 - Vq)P(V'Vq 'vq+1 - vq )) = Riq (ui+l'v) T.K.
P(u,u;,u,,; —u;)=1. pu i>p wumeem P(u,u,,u,,—u;)=0 ¥u, cregoBaTeIbHO,
R (u,v)=7,(u;,v, + (v, —v,)P(,v,,v,1 —v,)) =R, (u;,v). Belpaxenue s
R, (u,v) mpuHUMAET cnenyroumii B
R, w,v) = Ro, () + X (R, (0,0,9) = By, (0,))+ (R, (w,9) = Ry, (1,,0))
i=1

VYcinoBUsT  CTBIKOBKM ~ COCEJHUX  CEKLUMM  TMOBEPXHOCTH, HWMEIOIIME  BU

Fog Wi,v) = Fiqy (Wiq,v) (v, <v<v, ), Temepp MOXKHO 3anucatb B (opme
R, (u;q,v) =Ry, (u;,y,v), mockomsky R, (u,v)=7;(u,v) m1a moOBIX TOUEK
(u,v) €[u;,u;4]1%[v;,v;,1] . Tlostomy B BhIpasennu ams R, (u,v) COKpamaroTcs Bce
cnaraemble, Kpome oxgHoro. llomyuaem, 4YTO AIsd  TOUEK (u,v) €A,
ﬁq (u,v)=R oW, v) =7, (u,v). DTO 3HAuUUT, YTO MOBEPXHOCTh C YPAaBHEHUEM
Rq (u,v) mpn v, SV<v,, HaOTpe3KaxX u, <u <u,, COBIANACT C OBEPXHOCTAMU

COOTBETCTBYIOILLIUX pg-CEKIUH.
[ToBepxHOCT € ypaBHEHHEM Rq (#,v) Taxke MOXHO paccMaTpUBaTh Kak

HEKOTOPYIO CEKLHI0 MOoBEepXHOCTU. CIIOXUM 3TH ypaBHeHus (4) creayromum o0pa3om
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m=1

R(u,v):Ro(u,v)+Z(Rj(u,v)—Rj(u,vj)). (5)

Hac uHTepecyer 3HaueHHne 3TOro BBIPAXKEHUS B TOUKE (uv) €A ,, . Pasnoxum cymmy

(5) ma gacrtm.
q-1

R(u,v) = Ry(u,v) +Z(Ej(u,v) —Rj(u,vj))-l-(f{q (u,v) —Rq(u,vq))+
~ (6)
+ '_Z(Rj(u,v)—]?j(u,vj))

Ecmu j<g u v, <v<v_,, nmeeMm P(v,vj,vﬂl—vj):l, A 1 1ro00ro
uelu;,u;,,] Oyner Rj(”fv):Ri_;(”fv):ﬁ_/(”i +(ui+l_ui)P(u7ui7ui+1_ui)iv_j+1):
=R, ;(u,v,,;) . Ecmmg<ju v, <v<v, ,,umeeM P(v,v,;,v;,,—v;) =0, u ams moboro
uelu;,u,,] Oyner R, (u,v)=R,;u,v)=r, (u, +(u
=f3[j(u,vj)=1?j(u,vj).

ITocnennss cymma B BelpakeHHH (6) oOpamaercs B 0, 1 MbI TOTy4aeM

R(u,v) =R, o(u,vy) +q2(R'pj(u,vj+l)—Rpj(u,vj))+(qu(u,v)—qu(u,vq)) 7

i+l _”i)P(U,ui,qu —ui),vj) =

OrMerHM, YTO NPU BBIBOAE HOCIEnHEH (GOpMysIbl MBI HCIONB30BAIN JOKAa3aHHBIH
BbILLe aKT, uTo s Mo6oit Touku (u,v)e A, R (u,v) =R, ;(u,v).

VCIoBHE CTHIKOBKH COCEAHUX CEKUMH F;; (U,V ;1) =7 ;,q(u,v;4q) 1py u; Su<u,,,
MOXKHO 3amucath B Buue R, ;(u,v;,) =R, ;,(u,v,,). HelicTBuTenbHO, mpH
u; <u<u,, Bexrop-Qpymkumu R, (u,v,;) u R, ,(u,v;,) coBmajawT c Bekrop-
bynxkumamu 7 (u,v;,1) w7 (u,v;,,), KoTOPBIE paBHbI. [lokakem, 4TO paBeHCTBO
I?ij (u,v;4) = R, j(U,v;,1)  BBIIONHAETCS WM NPU  JPYTUX  3HAYCHHAX U
JeiictutensHo, ama u <u,, P(u,u;u;;—u;)=0 u mbl nomydaem R, (u,v;,)=
=7y + (g —u)PQusug iy —u;),v00) =7 ;(U;,v;44) . AHAIOTHYHO  TOJTyYaem
ﬁi_i+1(ulv_j+l) = _;'j+1(ui'vj+l) . Ho ’_;11 (ui’v_/'+1) = _’ij+1(ui’vj+1) » MO3TOMY JUIA U < ui
BBINONHACTCS. PaBeHCTBO R, (u,v;,1) = R; ;1 (u,v;,;) . AHanormuso, ms u,, <u
TAKKE HMMEET MECTO paBeHCTBO R, (u,v, ;) =R, ;1 (u,v;,). CienosatensHo,
paBenctBO R, ;(1,v;,1) = R, ;.1 (u,v,,;) BBIMOTHSETCA 1st TEOOBIX 3HAYCHMUIT 1.

Y4uuThIBas 3TO YCIOBHE CTHIKOBKH COCCIHHMX CCKIIMH, MOCIEC COKpalleHUH B
cooTHomeHuH (7) OCTaerca TONbKO OJHO claaraemoe R »q ;). T.o0., momyuaem, uro

R(u,v) =R, (u,v) =7, (u,v) nus Touex (u, v) €A ,, . DTO 3HAYMUT, YTO OBEPXHOCTH
C mapaMeTpMYECKUM ypaBHeHneM R(u,v) mpu u p SUSU,,, Vy SV SV, COBIATACT

C MTOBEPXHOCTHIO COOTBETCTBYIOIIEH pg-CEKIIUH.
Ecmu B dhopmyny (5) moacraButh BeipaxkeHus (4), TO MOTydIuM
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n-1
R(u,v) = Rog () + 2. (Rio (,v) = B o, )+ ®)
=1
m-1 ~ n-1 ~ ~ ~ n-1 ~ ~
+ Ro_/ (u,v) +Z(Rij (u,v)—Rij (ui,v)) — Ro; (u, V/)+Z(Rij (u, vj)—Rij (u;, vj))
j=1 i=1 i=1
[Tocne meperpynmmupoOBKH ClIaraeMBIX TOTydaeM
n-1 m-1
R(u,v) = Rog () + X (R (u,9) = Ryoaty ) )+ 3 (R (,v) = Ry, (1,v,))+
i=1 j=1
m-1n-1 _ _ _ ~
3 SR, @)= R, uv)) = R, () + Ry, (uy,v,)) 9)
j=1i=1

T.o., dopmyna (9) (unu (8)) ¢ yderom (3) JaeT aHAJUTUUECKOE MPEACTABICHHE
COCTaBHOM TOBEPXHOCTH, €CIIM TAPAMETPUYECKUE YDABHEHUs €€ ceKuuid 7, (u,v)

3agaHpl. OTMETHMM TakXKe, 4YTO TOYKM (u,V), JeXKallde BHE NPAMOYTOJbHHMKA
[ug,u,]x[vy,v, ], oTOOpaxkaroTCcs B rpaHUYHbBIE TOUKH COCTABHON IMOBEPXHOCTH.
OOBIYHO MHTEpBAJbBI M3MEHEHUsS aPryMEHTOB (u4,V) BeKTOp-QyHKumi 7 (u,v),
NPEJICTaBIIAIOIINX YPABHEHHs CEKLUM, 3a7aHbl HAa IPOU3BOJILHOM NPAMOYTOJbHUKE
uf)j <fu< uij ) véj <v< v{j . UroOel 5TM TNpPAMOYrONbHUKH  COIJIACOBAaTh C
COOTBETCTBYIOIMMHU MPAMOYTONbHUKAMH [u,,u, 4] x[v;, v, ;] npensaputensho nepen

MCIIONb30BaHneM (opmyit (3) B ypaBHEHHSX OBEPXHOCTEH 7 ; (u,V) cnenyer cuenarh

3aMeHy MePEeMEHHBIX U = uy’ +

®opmymnsl (8), (9) Bcerma mpencTaBisIOT YpaBHEHHE HENPEPHIBHOM MOBEPXHOCTH
(ecnim  wcxomuble  BeKTOp-QYHKUMH 7, (4,v) HENPEPBIBHBI) JIAKE, €CIH HE

BBIIOJIHACTCS YCIIOBHE CTBIKOBKHM COCEAHUX CEKIUM. B 3TOM citydae pe3ynpTupyromas
MOBEPXHOCTh OYyAET COBIAJaTh TOINBKO C HAYAJIbHON CEKIUel MOBEPXHOCTU 7oy (u,V),
a OCTaJIbHBIC CEKIMU OyAyT NeOpPMHPOBAHBI W TMPUCTHIKOBAHBI K HAYAJIBHOH Tak,
9TOOBI PE3YNILTHPYIONIAs MOBEPXHOCTH ObLIA HEMPEPHIBHOM.

Ypasnenue cocmaenoii nosepxnocmu, cexyuu KOmopou 3a0anvl YPAGHEHUAMU 6
saeuom  eude. Ilycth Ha TuIocKocTH XY 3amaHa  OpPTOrOHajbHAsE — CeTh

@, =[xg, X%, 1%[y0, Y17, ] 1 B €€ suelikax onpenenenst Gynkunn z,;(x,y)

(=0,1,2,...,n-1, j=0,1,2,...,m-1), TPEACTABIAIONINEC SBHBIC YPABHEHHS HEKOTOPHIX
MoBepXHOCTeH. M3BECTHO, YTO OSTH MOBEPXHOCTH IMEPECEKAIOTCS IO KPHUBBIM,
PACIONIOKEHHBIM HAJl JIMHUSAMH CETH (0, , TaK, YTO BBINONHSIOTCA YyCIOBUS

HETPEPBHIBHOCTH COCTABHOM MOBEPXHOCTH B BUAE: Z;;(X;1,Y) = 2,1, (X;4,y) TpH
Vi <y<yia 8 z(% Y 0) =2 1(x Y 4) mpr x; <x<x,,. Ha npsamoyronsuuke
[x0,x,1%[y9,y,,] TpeOyercs mOCTPOMTH €IMHOE aAHAIMTHYECKOE YypaBHCHHE

MOBEPXHOCTH, COCTABJICHHOW W3 CEKIUi IOBEPXHOCTEH, HMEIONIMX YypaBHEHHUS
z;;(x,y) man obmactamu A, =[x;,x;1]x[y;, ;4]
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Jlist 5TOro BHAyaje COCTAaBMM ypaBHEHHE CEKIMH MOBEPXHOCTH B CIEAYIOLIEM
BUJIE
Z;;(x,y)=z;;(x; + (g —x)P(x, x5, x40 = X;),

(10)

Y+ =y )PO Y, Y —Y;)
Kaxnast TaKas IOBEPXHOCTh HaJl 00acTBIO HPSMOYT OTbHUKA
A =[x x4]x[y;,¥;,1] coBnanaer ¢ ucxonHOM, MOCKONBKY Ist THOOOH TOUKH U3

MPSAMOYTOJIbHUKA (x, y)e A,; aprymenTsl QyHKUMM B mpaBoi uactu popmysst (10)

COBNANAOT ¢ x M y. Han momocamu BI€BO, BIPAaBO, BHU3 M BBEPX OT HTOrO
IPAMOYTOJIbHUKA TOBEPXHOCTh Z, ; (X, y) ABISAETCA WUIMHIPUYECKOH, 00pa3oBaHHON

MEPEHOCOM COOTBETCTBYIOIIEN TPaHUYHOM KpHUBOM CEKUMU BAOIAb OJHOW U3
KOOp/IMHATHBIX oOcell. Hana yrimoBbIMH KBajJpaHTaMH pPe3yJabTUpPYOLIAas (QYHKIUS
Z,;(x,y) TOCTOSHHA M paBHA 3HAYEHUIO MCXONHOHW (yHKuuM z,(Xx,y) B yruax

CCKIIUH.

HOBTOprﬂ nIpeaAbIAYIIUEC ITOCTPOCHU S, ITOJIYyUYaeM CIICAYIOLIY O (bOpMyJ'Iy
n-1 m-1

Z(x,) = Zog (6 0) + 2 (Zi0 (610) = Zig (5, 9))+ 2 (Zo, (5, ) = Zo, () +

(2, ) = Z, oy ) = Z, (5 ) + 2, (5, 9) (11)

j=1i=1
OHa HpCZ[CTaBJ'IHCT ypaBHCHPIC COCTaBHOﬁ HOBerHOCTI/I, CCKIINU KOTOpOfI 3aaHbI
SIBHBIMM YPAaBHEHMSMH Z = Z; j(x, y) Han sYeKkaMu ceTH A, ;- HoxasatenscTBO

¢dopmynsl (11) MOMHOCTHIO TOBTOPSIET TMPENBIAYINEe JOKA3aTeNbCTBO C TOHM JIUIIID
pasHuUUEH, YTO BMECTO BeKTOp-QyHkumi 7 (u,v) u R,;(u,v) paccMaTpuBaroTcs

ckanspuble ynkumn z;;(x,y) u Z;;(x,y).

4. 3ak/104eHne

C nomorsio BBefeHHOW QyHKIUK (1) 1 popmyiisl (2) MOKHO COCTABIISITh €AUHBIC
AHAJIMTUYECKUE BBIPAKEHUS JUIsI YPABHEHHM KyCOUHO-JTMHEHYATBIX ITOBEPXHOCTEM.
Mero/ MO3BOJISIET IOCTPOUTH YPaBHEHUS MOTHBIX TOBEPXHOCTEH TaKWX Tel Kak Kyo,
MMpaMuJia, KOHYC, ypaBHEHHE TOBEPXHOCTH IIMIIMH/PA BMECTE C BEPXHUM U HUKHUM
OCHOBAHHUEM W YPaBHEHUS IMOBEPXHOCTEH MHOTHMX MHOTIOIpaHHHUKOB. Dopmynsl (3),
(9) u (10), (11) maroT croco® MOCTPOEHHS ypPaBHEHHH HEMPEPHIBHBIX COCTABHBIX
MOBEPXHOCTEH B (OpME COUHBIX AHAIMTHYECKUX BBIPAKEHHUH, €CJIM ypaBHEHUs
OTACIBHBIX CEKIUH (KpUBOJIMHEHHBIX TPaHeli) MOBEPXHOCTH 3aAaHbl. Vcnonb3oBanue
3TuX (GOpMyNl B CHCTEMaxX CHMBOJILHOW MAaTeMaTHKH II03BOJISET TE€HEpUpPOBATH
YpaBHEHUs LIMPOKOrO Kjacca KyCOYHO-TJIAJKHUX  HENpEephIBHBIX  COCTaBHBIX
MOBEPXHOCTEH. ANTOpPUTMBI HacToslled padOThl pealM30BaHbl B HEKOTOPBIX
npouenypax nakera pacumpenust PSCFUNCtions cucrembl CHMBOJNBHON MaTeMaTHKU
MAPLE, co3manHoro aBTopoM. OH mpeAcraBieH Ha  HMHTEPHET — caiTe
www. mapl esoft.com/products/thirdparty/PSCFunctions. dopMynbl  HACTOSIICH
paboOTBl MMEIOT NpPUMEHEHHE B Hay4yHOW rpaduke il H300pa’keHHs [IBY- U
TPEXMEPHBIX TeJl M Pa3IMYHbIX NOJNeH Ha WX moBepxHOcTH. [loBepxHOCTH Tenl B
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CHUCTEMaX WHKCHEPHOW KOMIIBIOTEPHOH TIpaduKu TakKe MOLYT OINMCHIBATHCSA C
HCIIOJIb30BaHUEM NPEUIOKEHHBIX B pa00OTE ypaBHEHHH.
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